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1 Introduction 

Let M be an (n + p)-dimensional complex space form, i.e. a Kaehler manifold 
of constant holomorphic sectional curvature 4c, endowed with metric g. Let M 
be an n-dimensional real submanifold of M and J be the complex structure of 
M. For a tangent space T X (M) of M at x, we put H X (M) = JT X (M) n T X (M). 
Then, H X (M.) is the maximal complex subspace of T X (M) and is called the 
holomorphic tangent space to M at x. If the complex dimension dimcH x (M.) 
is constant over M, M is called a Cauchy-Riemann submanifold or briefly a CR 
submanifold and the constant dimcH x (M.) is called the CR dimension of M. 
If, for any x G M, H X (M) satisfies dim c H x (M) = 2^1, then M is called a CR 
submanifold of maximal CR dimension. It follows that there exists a unit vector 
field £ normal to M such that JT X (M) C T X (M) span{£ x }, for any x G M. 

A real hypersurface is a typical example of a CR submanifold of maximal CR, 
dimension. The study of real hypersurfaces in complex space forms is a classical 
topic in differential geometry and the generalization of some results which are 
valid for real hypersurfaces to CR submanifolds of maximal CR dimension may 
be expected. 
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For instance, nonexistence of real hypersurfaces with the parallel shape oper- 
ator ([1], [2]) and real hypersurfaces with the second fundamental form satisfying 
h(JX, Y) — Jh(X, Y) =0 ([3]), in nonflat complex space forms, is proven. 

In this paper we study the conditions that the shape operator of the distin- 
guished vector field £ is parallel and that the second fundamental form satisfies 
h(JX,Y) — Jh(X,Y) = 0, on CR submanifolds of maximal CR dimension in 
complex space forms. 

The author wishes to express her gratitude to Professor Mirjana Djoric for 
her useful advice. 

2 CR submanifolds of maximal CR dimension of 
a complex space form 

Let M be an (n + p)-dimensional complex space form with Kaehler structure 
(J, g) and of constant holomorphic sectional curvature 4c. Let M be an n- 
dimensional CR submanifold of maximal CR dimension in M and i : M — \ 
M immersion. Also, we denote by i the differential of the immersion. The 
Riemannian metric g of M is induced from the Riemannian metric g of M in 
such a way that g(X, Y) = g{iX, lY), where X, Y £ T(M). We denote by T(M) 
and T ± (M) the tangent bundle and the normal bundle of M, respectively. 

On M we have the following decomposition into tangential and normal com- 
ponents: 

JlX = lFX + u{X% X e T(M). (1) 

Here F is a skew-symmetric endomorphism acting on T(M) and u in one-form 
on M. 

Since Tf L (M) = {77 € T ± (M)\g(?]. £) = 0} is J- invariant, from now on we 
will denote the orthonormal basis of T ± (M) by £, £1, • • • , £ g , £1* , • • • ,£ g », where 
£a* = J£,a and q = Also, J£ is the vector field tangent to M and we write 

J£ = -lU. (2) 
Furthermore, using ([1}, ([2} and the Hcrmitian property of J implies 

F 2 X = -X + u(X)U, (3) 

FU = 0, (4) 

g(X,U)=u(X). (5) 

Next, we denote by V and V the Riemannian connection of M and M, respective- 
ly, and by D the normal connection induced from V in the normal bundle of 
M. They are related by the following Gauss equation 

V, x iY = LV x Y + h(X,Y), (6) 
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where h denotes the second fundamental form, and by Weingarten equations 
V lX £ = -iAX + D x £ (7) 

= -lAX + J2Ua(X^ a + s a , (X^ a , }, 



0=1 



V LX L = -iA a X + D x i a = -iA a X - s a (X)i (8) 
1 

+ Y,{s ab {X)Z b + s ab *(X)fa}, 



6=1 



= -tA a *^ + D x i a , = -lA a *X - s a , (X)£ (9) 

<? 

+ Y,{Sa*b{X)Zb + S a * b ,(X)fc}, 
6=1 

where the s's are the coefficients of the normal connection D and A, A a , A a - ; a = 
1, • • ■ , q, are the shape operators corresponding to the normals £, £ Q , £ Q * , respecti- 
vely. They are related to the second fundamental form by 

h(X 1 Y)=g(AX 1 Y)£ (10) 

+ J2i9(A a x, r)Ca + g(A a ,x, Yfa. }. 

a=l 

Since the ambient manifold is a Kaehler manifold, using dU) , (J2j) , (|H1) and ([9]), it 
follows that 

A a ,X = FA a X-s a (X)U, (11) 

A a X = -FA a .X + s a .(X)U, (12) 

s a ,(X) = u(A a X), (13) 

s a (X) = -u(A a .X), (14) 
for all X, Y tangent to M and a = 1, • • • , q. 

Moreover, since F is skew-symmetric and A a and A a »; a = 1, ■ • • ,<?, are sym- 
metric, (fTTj) and (|T2"j) imply 

5 ((^F + F^ )X, y) = u(r)a (A-) - u(X)s a (Y), (15) 
^(A^i* 1 + FA *)X, Y) — u(Y)s a * (X) - u(X)s a * (Y), (16) 
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for all a = 1, • • • , q. 

Finally, the Codazzi equation for the distinguished vector field £ becomes 

(V X A)Y - {V Y A)X = c{u(X)FY - u(Y)FX - 2g(FX, Y)U} (17) 

+ Y J {^{X)A a Y - s a (Y)A a X} + Y,{s a * (X)A a ,Y - s a . (Y)A a .X}, 

a—l a—1 

for all X, Y tangent to M. 

3 Shape operator A is parallel 

Here, we will give one well known result about hypersurfaces with the parallel 
shape operator. 

Theorem 1. [1], [2] Let M be an n-dimensional, where n > 3, hypersurface in 
a complex space form of constant holomorphic sectional curvature 4c ^ 0. Then 
the shape operator A of M cannot be parallel. 

We will study the same condition on CR submanifolds of maximal CR di- 
mension in complex space forms. Therefore, we have the next two theorems. 

Theorem 2. Let M be an n-dimensional CR submanifold of maximal CR 
dimension in an (n + p)- dimensional complex space form (JVf, J, ~g), where n > 
3 and the constant holomorphic sectional curvature of M equals 4c. Let the 
distinguished vector field £ be parallel with respect to the normal connection D 
and A be the shape operator of £. If VA = on M, then M is an Euclidean 
space. 

Proof. Putting Y = U in the Codazzi equation (fT71) , we get 

(V X A)U - (S7 U A)X = -cFX + Y,{s a (X)A a U - s a (U)A a X}+ 

a=l 

q 

J2{sa'(X)A a ,U - s a ,(U)A a ,X}. 

a=l 

From the assumption of the Theorem 2 and the last equation we get 

cFX = 0. (18) 
From the equation (fT5]l we conclude that c = 0. □ 

Theorem 3. Let M be an n-dimensional CR submanifold of maximal CR 
dimension in an (n + p)- dimensional complex space form (JVf, J, ~g), where 
n > 3 and the constant holomorphic sectional curvature of M equals 4c. Let 
p < n and A be the shape operator of the distinguished vector field £. If 
V A = on M, then M is an Euclidean space. 
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Proof. After putting Y = U in ([XT]) and using the assumption of the Theorem 
3, we get 

9 

- cFX + J2W(X)A a U - s a (U)A a X}+ 

a=l 

9 

£{s„. (X)A a ,U- s a , (U)A a ,X} = 0. (19) 

a=l 

Multiplying the equation (fT9)l with an arbitrary vector field Y G T(M), we get 

9 

- cg(FX, Y) + ^{ Sa (X) 5 (A Q C7, Y) - s a (U)g(A a X, Y)}+ (20) 

a=l 

^{s Q * (X) 5 (A a . 17, Y) ~ s a . (U)g{A a ,X, Y)} = 0. 

a=l 

Interchanging X and Y in (|20"f and subtracting ([20)) and the resulting 
equation, we get 

9 

- 2cg(FX 1 Y) + ^{ Sa (X).g( J 4 a C/, F) + s a , (X)g(A a , U, Y)}- 

a=l 

q 

J2W(Y)g(A a U, X) + flo . (y)s(A,- 17, A")} = 0. 
o=l 

Now, using ((5} , (fT3")) and (|14l) , from the last equation it follows that 

9 

cFx^Y,^ x ) A - u+s -^ x ) A ^ u y ( 2i ) 

o=l 

From (21) it follows that FX is a linear combination of A a U and A a *U ; 
a = l,-- - ,<?. 

Since every tangent vector Y orthogonal to U can be expressed as Y = FX, 
for n — 1 > 2q = p — 1, i.e. n > p, it follows that there exists a unit vector field 
y = FX which is orthogonal to span{A a U, A a * U}; a = 1, • • • , q. For such 
y = FX it follows s (y) = = s tt . (y); a = 1, • • • , g, using (13) and (14). 
Consequently, using (21), we obtain 

9 

cF 2 X = Y,{s a (FX)A a U + a„. (FX) A,« 
Finally, using (3), we conclude c = 0. □ 

4 C.R submanifolds of maximal CR dimension 
satisfying h(JX,Y) = Jh{X,Y) 

On real hypersurfaces the next theorem is proven. 
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Theorem 4. [3] Let M be an n- dimensional, n > 3, real hypersurface in a 
complex space form (M, J,g). If the second fundamental form satisfies 
condition h{JX, Y) — Jh(X, Y); X. Y e T(M). then M is an Euclidean space. 

In the next theorem we will see if the same result is true on CR submanifolds 
of maximal CR dimension. 

Theorem 5. Let M be an n-dimensional, n > 3, CR submanifold of maximal 
CR dimension in an (n + p)- dimensional complex space form (M, J,g) and the 
constant holomorphic sectional curvature of M equals 4c. If the second 
fundamental form satisfies condition h(JX,Y) — Jh(X,Y); X, Y G T(M), 
then M is an Euclidean space. 

Proof. Using (ITUl) , we have the next two equations 

9 

h(JX, Y) = g(AJX, Y)£ + ^{g(A Q JX, Y)£ a + g(A a , JX, Y)£ a . } (22) 

a=l 

and 

9 

Jh(X, Y) = -g(AX, Y)lU + ^{. 9 (A a X, Y)£ a , - g(A a .X, Y)£ a }. (23) 

a=l 

From (|22|) . (|23|) and the assumption of the Theorem 5, we have 

9 

g(AX, Y)lU + g(JX, AY)£ + ]T{«?( JX, A a Y) + g{A a ,X, Y)}£ a + (24) 

a=l 

9 

]T{.g(JX, A a ,Y) - g(A a X, Y)}£ a , = 0, 

a=l 

where we used the symmetry of the shape operators A, A a , A a * ; a — 1, ■ ■ ■ , q. 
From |T]) and ([M]), we have 

9 

g(AX, Y)lU + g(AFX, Y)£ + ^{.g(A^, Y) + g(A a ,X, Y)}£ a + (25) 

a=l 

9 

J2{g(A a *FX,Y)-g(A a X,Y)}Z a .=Q. 

a=l 

Because of the linear independence of the vectors 

lU, £, £,a, Co*; a = >Q> 
from (|2"B"|) we get the next equations 

A = 0, (26) 
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A a F = —A a * ; o = l,--- ,q, (27) 

and 

A^F = A a ; a = l,~-,q. (28) 
From the Codazzi equation (fl7)) and (|26l) , we conclude that 

= c{u(X)FY - u(Y)FX - 2g(FX, Y)U} (29) 

a— 1 a— 1 

Now, from the equations (fTTj) and (|27l) we get 

(FA a +A a F)X = s a (X)E/; o = l,.-. ,<?. 

By scalar multiplication of the last equation with an arbitrary Y £ T(M), and 
using (|T5j) . we get 

s a (Y) = 0; o = l,.-. ,q. (30) 

From ([12]) and (ggj we get 

(A a -F + F^ a ,)X = SQ .(X)f/; o = l,--. 

By scalar multiplication of the last equation with an arbitrary Y £ T(M), and 
using (ITB1) . we get 

s„.(y) =0; o= l,--- ,<?. (31) 

From (JMD, O and dSB), we get 

= c{g(X, U)FY - - 2g(FX, Y)U}. 

Multiplying the last equation with U, we get 

= -2cg(FX,Y). (32) 

From (j3"2"|) we conclude that c = 0. □ 

Now, using (I3U1) and (j3"Tj) , we get the next proposition. 

Proposition 1. Let M be an n-dimensional, n > 3 ; Ci? submanifold of 
maximal CR dimension in an (n + p)- dimensional complex space form 
(M, J, g). If on M the second fundamental form satisfies condition 
h(JX,Y) — Jh(X,Y); X, Y £ T(M), then the distinguished vector field £ is 
parallel with respect to the normal connection D. 



7 



References 

[1] M. Djoric and M. Okumura, CR submanifolds of complex projective space, 
Developments in Mathematics, vol. 19, Springer, Berlin, 2009. 

[2] R. Niebergall and P.J. Ryan, Real hyper surf aces in complex space forms, 
Tight and Taut Submanifolds, MSRI Publications 32 (1997), 233-305. 

[3] Y. Matsuyama, Real hyper surf aces in complex projective space satisfying a 
certain condition on the second fundamental form, Yokohama Math. J. 49 
(2001), 79-87. 



8 



Geometry of CR submanifolds of maximal CR 
dimension in complex space forms 

Mirjana Milijevic 

Faculty of Architecture and Civil Engineering 
University of Banja Luka 
Stepe Stepanovica 77, 78000 Banja Luka 

Bosnia and Herzegovina 
E-mail: mirjana-milijevic@yahoo.com 

Summary 

On real hypersurfaces in complex space forms many results are proven. 
In this paper we generalize some results concerning extrinsic geometry 
of real hypersurfaces, to CR submanifolds of maximal CR dimension in 
complex space forms. 

Key words and phrases. Complex space form, CR submanifold of maximal CR 
dimension, shape operator, second fundamental form. 
AMS Subject Classification. 53C15, 53C40, 53B20. 
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Let M be an (n + p)-dimensional complex space form, i.e. a Kaehler manifold 
of constant holomorphic sectional curvature 4c, endowed with metric g. Let M 
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submanifold of maximal CR dimension. It follows that there exists a unit vector 
field £ normal to M such that JT X (M) C T X (M) span{£ x }, for any x G M. 

A real hypersurface is a typical example of a CR submanifold of maximal CR, 
dimension. The study of real hypersurfaces in complex space forms is a classical 
topic in differential geometry and the generalization of some results which are 
valid for real hypersurfaces to CR submanifolds of maximal CR dimension may 
be expected. 
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For instance, nonexistence of real hypersurfaces with the parallel shape oper- 
ator ([1], [2]) and real hypersurfaces with the second fundamental form satisfying 
h(JX, Y) — Jh(X, Y) =0 ([3]), in nonflat complex space forms, is proven. 

In this paper we study the conditions that the shape operator of the distin- 
guished vector field £ is parallel and that the second fundamental form satisfies 
h(JX,Y) — Jh(X,Y) = 0, on CR submanifolds of maximal CR dimension in 
complex space forms. 

The author wishes to express her gratitude to Professor Mirjana Djoric for 
her useful advice. 

2 CR submanifolds of maximal CR dimension of 
a complex space form 

Let M be an (n + p)-dimensional complex space form with Kaehler structure 
(J, g) and of constant holomorphic sectional curvature 4c. Let M be an n- 
dimensional CR submanifold of maximal CR dimension in M and i : M — \ 
M immersion. Also, we denote by i the differential of the immersion. The 
Riemannian metric g of M is induced from the Riemannian metric g of M in 
such a way that g(X, Y) = g{iX, lY), where X, Y £ T(M). We denote by T(M) 
and T ± (M) the tangent bundle and the normal bundle of M, respectively. 

On M we have the following decomposition into tangential and normal com- 
ponents: 

JlX = lFX + u{X% X e T(M). (1) 

Here F is a skew-symmetric endomorphism acting on T(M) and u : T{M) 
T^{M). 

Since Tf L (M) = {r/ 6 T ± (M)\g(?], £) = 0} is J- invariant, from now on we 
will denote the orthonormal basis of T J -(M) by £, £i, • • • ,£ g ,£i», • • • where 
£a* = J£,a and q = Also, J£ is the vector field tangent to M and we write 

J£ = -dJ. (2) 
Furthermore, using ([1}, ([2} and the Hcrmitian property of J implies 

F 2 X = -X + u(X)U, (3) 

FU = 0, (4) 

g(X,U)=u(X). (5) 

Next, we denote by V and V the Riemannian connection of M and M, respective- 
ly, and by D the normal connection induced from V in the normal bundle of 
M. They are related by the following Gauss equation 

V, x iY = LV x Y + h(X,Y), (6) 
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where h denotes the second fundamental form, and by Weingarten equations 
V lX £ = -iAX + D x £ (7) 

= -lAX + J2Ua(X^ a + s a , (X^ a , }, 



0=1 



V LX L = -iA a X + D x i a = -iA a X - s a (X)i (8) 
1 

+ Y,{s ab {X)Z b + s ab *(X)fa}, 



6=1 



= -tA a *^ + D x i a , = -lA a *X - s a , (X)£ (9) 

<? 

+ Y,{Sa*b{X)Zb + S a * b ,(X)fc}, 
6=1 

where the s's are the coefficients of the normal connection D and A, A a , A a - ; a = 
1, • • ■ , q, are the shape operators corresponding to the normals £, £ Q , £ Q * , respecti- 
vely. They are related to the second fundamental form by 

h(X 1 Y)=g(AX 1 Y)£ (10) 

+ J2i9(A a x, r)Ca + g(A a ,x, Yfa. }. 

a=l 

Since the ambient manifold is a Kaehler manifold, using dU) , (J2j) , (|H1) and ([9]), it 
follows that 

A a ,X = FA a X-s a (X)U, (11) 

A a X = -FA a .X + s a .(X)U, (12) 

s a ,(X) = u(A a X), (13) 

s a (X) = -u(A a .X), (14) 
for all X, Y tangent to M and a = 1, • • • , q. 

Moreover, since F is skew-symmetric and A a and A a »; a = 1, ■ • • ,<?, are sym- 
metric, (fTTj) and (|T2"j) imply 

5 ((^F + F^ )X, y) = u(r)a (A-) - u(X)s a (Y), (15) 
^(A^i* 1 + FA *)X, Y) — u(Y)s a * (X) - u(X)s a * (Y), (16) 
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for all a = 1, • • • , q. 

Finally, the Codazzi equation for the distinguished vector field £ become 

(V X A)Y - {V Y A)X = c{u(X)FY - u(Y)FX - 2g(FX, Y)U} (17) 

+ Y J {^{X)A a Y - s a (Y)A a X} + Y,{s a * (X)A a ,Y - s a . (Y)A a .X}, 

a—l a—1 

for all X, Y tangent to M. 

3 Shape operator A is parallel 

Here, we will give one well known result about hypersurfaces with the parallel 
shape operator. 

Theorem 1. Let M be an n- dimensional, where n > 3, hypersurface in a com- 
plex space form of constant holomorphic sectional curvature 4c ^ 0. Then the 
shape operator A of M cannot be parallel. 

We will study the same condition on CR submanifolds of maximal CR di- 
mension in complex space forms. Therefore, we have the next two theorems. 

Theorem 2. Let M be an n-dimensional CR submanifold of maximal CR 
dimension in an (n + p)- dimensional complex space form (_M, J, ~g), where n > 
3 and the constant holomorphic sectional curvature of M equals 4c. Let the 
distinguished vector field £ be parallel with respect to the normal connection D 
and A be the shape operator of £. // VA = on M, then M is an Euclidian 
space. 

Proof. Putting Y — U in Codazzi equation (ITT)) , we get 

Q 

(V X A)Y - {V Y A)X = -cFX + Y,{s a (X)A a U ~ s a (U)A a X}+ 

a=l 

^{ Sq . (X)A a , U - s a , (U)A a ,X}. 

a=l 

From the assumption of the Theorem 2 and the last equation we get 

cFX = 0. (18) 
From the equation (fT5|) we conclude that c — O.D 

Theorem 3. Let M be an n-dimensional CR submanifold of maximal CR 
dimension in an (n + p)- dimensional complex space form (iW, J, ~g), where 
n > 3 and the constant holomorphic sectional curvature of M equals 4c. Let 
p < n and A be the shape operator of the distinguished vector field £. // 
VA = on M, then M is an Euclidian space. 
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Proof. After putting Y = U in ([XT]) and using the assumption of the Theorem 
3, we get 

9 

- cFX + J2{s a (X)A a U - s a (U)A a X}+ 

a=l 

q 

J2{sa* (X)A a ,U- a a , {U)A a ,X} = 0. (19) 

a=l 

Multiplying the equation p^|) with an arbitrary vector field Y G T(M), we get 

9 

- cg(FX, Y) + ^{s a (X)g{A a U, Y) - s a (U)g(A a X, Y)}+ (20) 

a=l 

9 

^2{s a ,{X)g(A a .U,Y) - s a ,(U)g(A a ,X,Y)} = 0. 

a=l 

Interchanging X and Y in ([20)) and subtracting (f20| and the resulting 
equation, we get 

- 2cg(FX, Y) + J2{s a (X)g(A a U, Y) + s a , (X)g(A a , U, Y)}- 

o=l 

q 

J2{s a (Y)g(A a U, X) + s a * (Y)g(A a , U,X)} = 0. 

a=l 

Now, using ([5]) , (fT3|) and (|14[) , from the last equation it follows that 

9 

cFX = ^{^.(X^.t/ + s a (X)A a C/}. (21) 

a=l 

On the other hand, if we put 

9 

= J2{ca*A a ,U + c a A a U}, (22) 

a=l 

where c a » and c a are constants; a = 1, • • • q, by scalar multiplication of (|22j) 
with an arbitrary X <E T(M), using <?((,A a X, tY) = g(h(X, Y), £ a ), 
g(tA a *X,iY) = g(h(X,Y),£ a t)\ a — 1, • • • , q, and ©, it follows that 

9 

= XX C «*3(V tC /tX, Ca* ) + C a 3(V tC /tX, Ca)}, 
a=l 

i.e. 

9 

a=l 

5 



From the last equation and the fact that £ a * , £ a , a — 1, • • • q, are linearly 

independent, it follows that c a * = c a = 0; a = 1, • • • q. Then, we can conclude 

that A a *U, A a U; a = 1, • • -q, are linearly independent vector fields. 

It is known that rankF = n — 1 (see [1]), that's why from ([2"T]) it follows that 

there exist a vector field Y G T(M) such that Y = FX and that Y is 

orthogonal to the vector fields A a U , A a *U; a = 1, • ■ ■ , q. 

Multiplying ([21]) with Y = FX, we get 

cg(FX,FX) = 0. (23) 

From (|2"3")l we conclude that c = 0. □ 

4 CR submanifolds of maximal CR dimension 
satisfying h{JX,Y) = Jh{X,Y) 

On real hypersurfaces the next theorem is proven. 

Theorem 4. Let M be an n-dimensional, n > 3, real hypersurface in a 
complex space form (iVf, J, g). If the second fundamental form satisfies 
condition h(JX, Y) — Jh(X, Y); X. Y G T(Ml), then M is an Euclidian space. 

In the next theorem we will see if the same result is true on CR submanifolds 
of maximal CR dimension. 

Theorem 5. Let M be an n-dimensional, n > 3, CR submanifold of maximal 
CR dimension in an (n + p)- dimensional complex space form (M, J,g) and the 
constant holomorphic sectional curvature of M equals 4c. // the second 
fundamental form satisfies condition h(JX,Y) — Jh(X,Y); X, Y G T{M), 
then M is an Euclidian space. 

Proof. Using (|10p , we have the next two equations 

<? 

h(JX, Y) = g(AJX, Y)£ + Y,{g{AaJX, Y)£ a + g(A a , JX, Y)£ a . } (24) 

a=l 

and 

Jh(X, Y) = -g(AX, Y)lU + ^{ 5 (A a X, Y)£ a * - g(A a .X, Y)£ a }. (25) 

a=l 

From (HH), ([23)1 and the assumption of the Theorem 5, we have 

9 

g(AX, Y)lU + g(JX, AY)^ + ^{ 3 ( JX, A a Y) + g(A a ,X, Y)}£ a + (26) 

a=l 

9 

Y,{9(JX, A a ,Y) - g(A a X, Y)}£ a . = 0, 

a=l 
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where we used the symmetry of the shape operators A, A a , A a * ; a = 1, • • • , q. 
From (fTJ) and (|26|) . we have 

9 

g(AX, Y)tU + g(AFX, Y)£ + ^{ 5 (A a FX, Y) + 3 (^ Q .X, y)}£ a + (27) 

a=l 

^{ 9 (A a *FX, y) - g(A a X, Y)}£ a . = 0. 

o=l 

Because of the linear independence of the vectors 

t-U, £ (a, £,a-; a = 1, • • • ,q, 
from (pTj) we get the next equations 

A = 0, (28) 
A a F = -A a * ; o = l,--- ,g, (29) 

and 

A a *F — A a ] a = l,---,q. (30) 
From the Codazzi equation (fTTj) and (|2"51) , we conclude that 

= c{u(X)FY - u(Y)FX - 2g{FX, Y)U} (31) 

9 9 

+ Y J i s a{X)A a Y - s a (Y)A a X} + Y,{*a* (X)A a ,Y - s a . {Y)A a ,X}. 

a—l a—1 

Now, from the equations (fTTj) and (I29[) we get 

(F4 + W = » e (JQi7;a = l r . ,<?. 

By scalar multiplication of the last equation with an arbitrary Y G T(M), and 
using (fT5|) . we get 



fl o (y)=0;a = l,.-.,?. (32) 

From and ([30]) we get 

{A a *F + FA a *)X = s a *(X)U; a=l,--- ,q. 

By scalar multiplication of the last equation with an arbitrary Y G T(M), and 
using (fl6|) . we get 

s a ,{Y) = 0; a =!,-■■ ,q. (33) 
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From (jnil), and (03]), we get 



= c{g(X, U)FY - g(Y, U)FX - 2g{FX, Y)U}. 

Multiplying the last equation with U, we get 

= -2cg(FX,Y). (34) 

From (|34|) we conclude that c = 0. □ 

Now, using (|3"2j) and ([22]), we get the next lemma. 

Lemma 1. Lei iW 6e an n- dimensional, n>3, CR submanifold of maximal 
CR dimension in an (n + p)- dimensional complex space form (M, J,~g). If on 
M the second fundamental form satisfies condition h(JX,Y) = Jh(X,Y); 
X, Y G T(M), then the distinguished vector field £ is parallel with respect to the 
normal connection D. 
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